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Abstract 

Adhesively bonded double cantilever beam (DCB) test specimens with residual stress were 

manufactured. Deforming the adherends during the curing process caused the DCB specimens to curve 

due to the residual stress and shear load arose at the adhesive layer. Therefore, mixed mode fractures 

were generated by applying mode I loading to the specimens. The relation between the specimen 

curvature and the strain energy due to the residual stress was theoretically investigated and the mode 

II energy release rate for each specimen was calculated using measured specimen curvature. Because 

the mode I energy release rate for each specimen can be calculated with the DCB test result, the fracture 

toughness in mixed mode conditions was discussed. By manufacturing the specimens with different 

residual stresses, mixed mode fracture tests with various mixed mode ratios were conducted and the 

effect of the mixed mode ratio on the energy release rates was investigated. 
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1. Introduction 

Adhesive bonding has recently been used as a structural joining method for vehicles, aircrafts, ships, 

and so on. The fracture toughness and durability of adhesively bonded joints are essential in industrial 

uses and evaluation methods, such as for energy release rate, joint strength and creep resistance, have 

been widely discussed. Fracture modes, for instance mode I, mode II and mixed mode I/II, as shown 

in Fig. 1, change the energy release rate of the adhesively bonded joints. Therefore, methods to evaluate 

facture toughness have been derived for each mode. In the case of mode I fractures, double cantilever 

beam (DCB) and tapered-DCB tests have been standardized (ASTM D3433-99, 2012; ASTM D5528-

01, 2007; ISO 15024, 2001). For mode II fractures, end notched flexure (ENF) (ASTM D7905-14, 

2014; Banea et al., 2012; Chaves et al., 2014a; da Silva et al., 2010, 2012; Davies et al., 1999), four 

point ENF (4ENF) (Chaves et al., 2014a; da Silva et al., 2010; Davies et al., 1999; Martin and Davidson, 

1999; Schuecker and Davidson, 2000) and end loaded split (ELS) tests (Blackman et al., 2005; Chaves 

et al., 2014a; da Silva et al., 2010, 2012; Davies et al., 1999) have been devised using DCB specimens. 

In addition, using DCB specimens, dual actuator loading (DAL) (Chaves et al., 2011, 2014a, 2014b; 

Dillard et al., 2006; Singh et al., 2010), mixed mode bending (MMB) (ASTM D6671-06, 2006; Chaves 

et al., 2014a; Oliveira et al., 2007; Reeder and Rews Jr., 1990), and spelt loading jig (SPELT) tests 

(Fernlund and Spelt, 1994) have been devised for mixed mode fractures. These mixed mode test 

methods require the original loading jigs or original test machines to apply mixed mode loads, but a 

wide range of mixed mode ratios spanning mode I and mode II can be tested. Using the original 

specimens, asymmetric double cantilever beam (ADCB) (Xiao et al., 1993), single leg bending (SLB) 

(Davidson and Sundararaman, 1996; Yoon and Hong, 1990) and asymmetric tapered-DCB (ATDCB) 

tests (Park and Dillard, 2007) have also been devised for mixed mode fracture cases. Although only 

the opening load with a standard tensile testing machine is required for the ADCB and ATDCB tests, 

the mixed mode ratio is limited. 

In many practical situations of joint failures, mixed mode fracture is dominant because the stress 

distribution at the joints is very complicated. Therefore, it is important to obtain energy release rates 



with a wide range of mixed mode ratios. One source of combined loads is the residual thermal stress 

at the joints. When different materials are jointed together, their different thermal 

expansion/contraction characteristics generate residual stress (Franco and Royer-Crafagni, 2016; 

Nairn, 2000; Shimamoto et al., 2016). Because the difference between the curing temperature and 

room temperature cannot be avoided with heat cure adhesives, residual thermal stress arises during the 

curing process. Residual stress is also generated when the adhesive is cured while the adherend is 

deformed such as bent lamination, which is well known for laminated glass or glue-laminated-timber 

(Galuppi and Royer-Carfagni, 2015a). With such cases, residual bending stress arises at the adherend 

and can be another factor of the mixed mode fractures.  

In this paper, the manufacturing process of a DCB test specimen with a residual stress (DCB-rs) is 

investigated. The adherends are elastically deformed by an external load during the curing process. 

Shear stress arises at the adhesive layer when the load is removed. The residual stress was calculated 

by measuring the curvature of the DCB-rs specimens. The applied opening load caused mixed mode 

fracturing of the DCB-rs specimens. The residual stress can be arbitrarily changed by controlling the 

magnitude of the adherends’ deformation during the curing process. Therefore, a wide range of mixed 

mode ratios can be tested with the DCB-rs specimens. 

 

2. Description of a double cantilever beam specimen with residual stress 

2.1 Manufacturing process of the DCB-rs specimens 

The 4ENF test is a pure mode II fracture tests that is used to generate shear loads at the adhesive layer, 

as shown in Fig. 2 (a)-(c). Conversely, when the specimen is kept bent during the curing process, as 

shown in Fig. 2 (d)-(g), the specimen remains curved even after the external load is released. Hence, 

shear stress is generated at the adhesive layer. Specimens with different residual stress can be 

manufactured by changing the magnitude of the bend. 

A four point bending jig, as shown in Fig. 3, was used to manufacture the DCB-rs specimens. The 

adherends were set to the jig after adhesive was applied and they were sandwiched together. They were 



then put into an electric furnace for curing. Then, the specimen was taken off of the jig. Because pure 

mode II loading was only generated between the inner load points of the four point bending jig, 

adhesive was pasted inside the inner load points.  

 

2.2 Stress distribution of the adherends 

The radius of curvature of a couple of beams bonded together has been derived in the case of bi-metal 

thermostats (Timoshenko 1925), where the bending moment is generated by the gap of the coefficient 

of expansion. In this study, a constant moment is applied to the adherends by fixing the specimen to 

the four-point bending jig. Using the same derivative method as Timoshenko (1925), the relation 

between the stress and the radius of curvature is investigated for the DCB-rs specimens in the 

assumption of Euler-Bernoulli beam theory. Thus, the radius of curvature of the adherends is constant, 

denoted as ρ’. The stress of each adherend before the release from the jig is given by 

𝜎before = −𝐸
(𝑦−

𝑡+𝑡a
2

)

𝜌′                                        (1) 

for the upper adherend and 

𝜎before = −𝐸
(𝑦+

𝑡+𝑡a
2

)

𝜌′                                        (2) 

for the lower adherend, where E is the Young’s modulus of the adherend, y is the distance from the 

center of the adhesive layer, t is the thickness of the adherend, and ta is the thickness of the adhesive 

layer. Conversely, the stress at the adhesive layer is zero because the adhesive is not cured and still 

liquid-like when the specimen is bent. When the specimen is released from the jig after the cure, the 

radius of the specimen curvature increased and the stress of the adherends due to the bending is 

changed to 

𝜎bend = −𝐸
(𝑦−

𝑡+𝑡a
2

)

𝜌
                                        (3) 

for the upper adherend and 

𝜎bend = −𝐸
(𝑦+

𝑡+𝑡a
2

)

𝜌
                                        (4) 



for the lower adherend, where ρ is the radius of the specimen curvature after the release. After the 

adhesive is cured, the adhesive layer inhibits the change of the strain at the interface and a stress arises 

in the longitudinal direction of the adherends. To constrain the interface, the upper adherend stress acts 

in tension and the lower one acts in compression with constant values. Denoting the magnitude of this 

stress as σconstraint, the stress acting to the adherends after the release is expressed as 

𝜎after =  𝜎bend +  𝜎constraint                                    (5) 

for the upper adherend and 

𝜎after =  𝜎bend −  𝜎constraint                                    (6) 

for the lower adherend. Because no external force acts at the specimen after being manufactured, the 

moment acting on the specimen is zero, i.e., 

𝑀 =  ∫ 𝜎after𝑦𝑑𝑆
𝑆

= 0,                                    (7) 

where S is a cross sectional area of the specimen. Then, the stress due to the constraint is obtained as 

𝜎constraint =
𝐸𝑡2

6𝜌(𝑡+𝑡a)
,                                      (8) 

where the moment at the adhesive layer is assumed to be small enough to be neglected. In addition, 

the stress after the release is obtained as 

σafter = (
4𝑡2+6𝑡𝑡a+3𝑡a

2

6(𝑡+𝑡a)
− 𝑦)

𝐸

𝜌
                                 (9) 

for the upper adherend and 

σafter = − (
4𝑡2+6𝑡𝑡a+3𝑡a

2

6(𝑡+𝑡a)
+ 𝑦)

𝐸

𝜌
                              (10) 

for the lower adherend. 

 

2.3 Calculation of the energy release rate 

In the DCB test with the DCB-rs specimens, tensile load 𝑃 is applied to the end of the specimen to 

propagate the crack. The tensile load contributes to opening mode, and the residual stress at the adhered 

part contributes to sliding mode. Therefore, the mode I and mode II energy release rates can be 



calculated separately. Using the experimental compliance method (ECM), the mode I energy release 

rate is obtained as  

𝐺I =
𝑛𝑃𝛿

2𝑏𝑎
 

𝐹

𝑁
,                                           (11) 

where δ is the total beam opening displacement, a is the crack length, b is the specimen width, n is the 

constant determined by the slope of the plot of log C versus log a, as shown in Fig. 4, C is the 

compliance, which is given by C = δ / P, and F and N are correction factors of large displacement and 

end-blocks, respectively (Blackman et al., 2003, Sekiguchi et al., 2016). The correction for large 

displacements is given by 

𝐹 = 1 −
3

10
(

𝛿

𝑎
)

2

−
3

2
(

𝑙1𝛿

𝑎2 ),                                   (12) 

where l1 is the distance between the center of the adherend and the center of the piano hinge pin in the 

thickness direction. Because the load is applied to the DCB-rs specimen via piano hinges, the 

correction of the end-block is given by N=1. 

Conversely, simple beam theory is applied in the analysis of the mode II energy release rate. In the 

case of the 4ENF tests, it has been identified that the beam theory method shows the identical trend in 

comparison with the finite element analysis (FEA) (Martin and Davidson, 1999). Because same 

deformation as the 4ENF tests is applied to the DCB-rs specimens, it can be indicated that the beam 

theory calculation for the mode II is reasonably accurate. The strain energy of the adherends due to the 

residual stress is given as  

𝑈r = ∫
σ𝜀

2𝑉
𝑑𝑉,                                       (13) 

where σ, ε, and V are the stress, strain, and volume of the specimen, respectively. Substituting Eqs. (9) 

and (10) into Eq. (13), leads to 

𝑈r =
𝐸𝑡3

9𝜌2 (1 +
𝑡a

𝑡
) 𝑏(𝑎1 − 𝑎),                                 (14) 

where a1 is the length from the loading point to the farther end of the adhesive layer, as shown in Fig. 

5. The elastic energy of the adhesive layer and the second order and higher order terms of ta/t are 



neglected. When the crack propagates by opening mode loading, the energy due to the residual stress 

stored at the adhered part of the specimen is released. Therefore, the energy release rate due to the 

residual stress is given by  

𝐺r = −
1

𝑏

𝑑𝑈r

𝑑𝑎
=

𝐸𝑡3

9𝜌2
(1 +

𝑡a

𝑡
).                                 (15) 

Because there is no other mode II loading, the mode II energy release rate is given as  

𝐺II = 𝐺r =
𝐸𝑡3

9𝜌2
(1 +

𝑡a

𝑡
).                                  (16) 

The mixed mode angle, ψ, is denoted as  

𝜓 = tan−1√
𝐺II

𝐺I
,                                       (17) 

where ψ=0○ refers to pure mode I and ψ=90○ refers to pure mode II loading conditions. 

 

3 Experimental 

3.1 Materials and specimens 

The configuration and dimensions of the specimens are shown in Fig. 5. Spring steel (SUP10) was 

selected for the adherends because over estimation of the energy release rate due to the plastic 

deformation of the adherends can be avoided by using materials with a wide elastic region. The 

material properties of the adherend are shown in Table 1. The adherends were bonded with a two 

component epoxy adhesive (denatite 2204, Nagase ChemteX Corporation, Osaka, Japan). The 

adhesive was cured at 100 °C for 30 min. The bonding span was set to 56 mm to obtain symmetrical 

residual deformation. The initial crack length was set to 50 mm. Polytetrafluoroethylene (PTFE) sheets 

with a 0.1-mm thickness were inserted between the adherends at both ends to create the initial crack 

and control the thickness of the adhesive layer. In addition, glass beads with a diameter 100 μm were 

added to the adhesive layer to control the thickness more accurately. The bonding surfaces of the 

adherends were sandblasted with #120 alumina grit (SG-118-120, Hozan Tool Industrial Co. Ltd., 

Osaka, Japan) at an air pressure of 0.7 MPa. Two piano hinges were attached at the edge of each 

adherend for the DCB test.  



 

3.2 Specimen manufacturing 

The four-point bending jig is shown in Fig. 3 (a). This jig consists of a lower base, upper base, spacers 

and nuts. The indentation depth, d, as shown in Fig. 3(b), is controlled by the length of the spacers. 

The jig has an inner span of 100 mm and outer span of 150 mm. The curvature of each specimen was 

measured with a laser displacement sensor (LK-H022K, KEYENCE Co., Osaka, Japan) while moving 

the specimens with the x-y motorized stages under the sensor. The radius of the curvature was 

calculated with a least squares method within the adhesively bonded area. 

 

3.3 Double cantilever beam test 

Mode I fracture tests were conducted using the DCB-rs specimens at a crosshead speed of 2 mm/min. 

The load was measured with tension/compression load cells placed at both crossheads, the fracture 

process was recorded by a CCD monochrome camera, and the crack length was measured from the 

recorded pictures afterward. The load, displacement and crack lengths during crack propagation was 

used to calculate the critical energy release rate. In addition, standard ENF test specimens using the 

same adherends were manufactured, and a mode II fracture test following ASTM D7905-14 (2014) 

was conducted. Then, the GII was calculated using the compliance based beam method (CBBM) (de 

Moura et al., 2009). 

 

4 Results and discussion  

4.1 Mode I energy release rates 

The load versus displacement results of the DCB tests with the DCB-rs specimens are shown in Fig. 

6. When the residual effect on the specimen was small, the load decreased with increasing 

displacements after reaching the initial peak, as shown in Fig. 6 (a). This is similar to standard DCB 

test results. However, the region after the initial peak can be divided into two regions by increasing the 

residual effect, as shown in Fig. 6 (b). First, the load decreased with increasing displacements. Then, 



the load increased again. When the residual effect increased further, the first region disappeared and 

the load sharply dropped after reaching the initial peak with rapid crack propagation. Then, the load 

re-increasing region started, as shown in Fig. 6 (c). The mode I critical energy release rate is shown in 

Fig. 7. The value was almost constant when the crack started propagating. After the crack propagated 

more than half the length of the adhesive layer, the value increased to the pure mode I value. Figure 8 

shows the crack length and load change against the displacement. The load re-increasing region 

appeared when approximately 70 to 80 % of the adhered part was fractured. The crack continuously 

propagated in the load decreasing region, but it merely propagated in the load re-increasing region. 

Therefore, it is indicated that the fracture condition changed between the regions. When the adhered 

length becomes shorter, the adhesive layer cannot hold the residual deformation and the residual stress 

is released. Then, the radius of specimen curvature increases. Because the mode II fracture energy 

release rate is in inversely proportional to the square of the radius of specimen curvature, the increase 

of the radius of specimen curvature represents the decrease of mode II contribution to the mixed mode 

ratio. Therefore, the fracture shifted to the pure mode I condition in the load re-increasing region. 

Conversely, the mode I value in the load decreasing region was almost constant, i.e. the mixed mode 

ratio in this region is thought to be constant. Hence, the mode I value in the load decreasing region 

was used for the discussion of the mixed mode effect. 

 

4.2 Mode II energy release rate  

The measured deformations of the specimens with indentation depths of d =1.0, 3.0, and 5.0 mm are 

shown in Fig. 9 (a). The residual deformations increased with longer indentation depths. The relation 

between the indentation depth and radius of the specimen curvature before the release is obtained as 

𝑑 =
(𝑙out−𝑙in)(𝑙out+2𝑙in)

12𝜌′
,                                     (18) 

using simple beam theory, where lin and lout are the inside and outside spans of the four point bending 

jig, respectively. In addition, the relation between the radiuses before and after the release is obtained 



as ρ′ 𝜌⁄ = 3 4⁄  when neglecting the adhesive layer thickness. Therefore, the indentation depth can be 

back-calculated from the measured radius of the specimen curvature. The results for each specimen 

are listed in Table 2. It was clarified that the indentation depth was slightly deeper than the target depth. 

Additionally, the GII increased with increasing indentation depths. In the case with an indentation depth 

of 6 mm, the specimen broke when it was released from the jig. The Gr calculated in the case for d=6 

mm was 1744 J/m2. Conversely, the GII with the ENF test was slightly over 1600 J/m2. This indicates 

that the specimen was fractured by the residual stress.  

Figure 9 (b) shows the deformation of the adhered area with circular fitting curves. The curvature is 

theoretically constant at the bonded area because a constant moment was applied using the four-point 

bending jig. It is confirmed that the circular fitting, i.e., constant radius of specimen curvature, is 

suitable for the proposed manufacturing procedure. However, it has been reported that the deformed 

shape largely affects the stress distribution at the boundary of the adhesive layer (Galuppi and Royer-

Carfagni, 2015b, 2015c) in the case of the bent lamination. The stress distribution can be easily 

changed by varying the manufacturing process. Therefore, it would be preferred to carefully check the 

specimen curvature after each manufacturing. 

 

4.3 Mixed-mode energy release rates 

The experimental results of the relation between the mode I and mode II energy release rates is shown 

in Fig. 10. The closed circles are the results from specimens 1 to 8 in Table 2. Because continuous 

crack propagation was observed in the DCB tests with these specimens, the mean values of the first 

half of the propagation were used. The open circles are the results from specimens 9 to 11 in Table 2. 

Because the crack propagated instantaneously after reaching the initial load peak with these specimens, 

the GI values at this peak are used. In Fig. 10, pure mode I and pure mode II energy release rates are 

also plotted as open and closed squares, respectively. The GI value for pure mode I was used for the 

plot obtained in a previous study (Sekiguchi et al., 2016) with the TDCB test following ASTM D3433-

99 (2012). The GII value for pure mode II was obtained with the ENF test.  



The results indicate a negative correlation between the mode I and mode II energy release rates, which 

is in agreement with previous studies that used different test methods (Chaves et l., 2011, 2014a, 2014b; 

da Silva et al., 2012; Reeder and Crews Jr., 1990; Singh et al., 2010). In addition, mixed mode fractures 

were observed with continuous crack propagation over a wide range of the mode angles (maximum at 

81.4 degrees). The linear energy criterion 

𝐺I

𝐺I,pure
+

𝐺II

𝐺II,pure
= 1                                       (19) 

is plotted as dashed dotted line in Fig. 10, where the mode I and mode II energy release rates are 

normalized by pure mode values, GI,pure and GII,pure, respectively. It is sufficiently confirmed that the 

sum of the normalized mode I and mode II energy release rates is almost constant. 

 

5 Conclusions 

Double cantilever beam test specimens with residual stresses (DCB-rs) were manufactured and 

fracture tests were conducted. Because shear loads were generated at the adhesive layer in the 

manufacturing process, opening loads caused mixed mode fractures of the DCB-rs specimens with 

constant mixed mode ratios during each test. The mode I and mode II energy release rates were 

measured independently. A four point bending jig was used to manufacture the DCB-rs specimens, and 

the magnitude of the applied residual stresses was changed by the indentation depth of the jig. It was 

revealed that the residual stress that arises at the adhesive layer can be increased to generate pure mode 

II fractures. Additionally, the DCB test results indicated that the mode I energy release rate decreased 

with the increasing curvature of the manufactured DCB-rs specimens. The mode II energy release rate 

was theoretically obtained as a function of the radius of the curvature of the specimen. Then, it was 

estimated for each manufactured specimen by measuring the radius. By comparing the mode I and 

mode II energy release rates, a negative correlation was found, similarly to many other mixed mode 

fracture tests. Although unstable crack propagations were observed with mixed mode angles over 

approximately 80 degrees, the experiments indicated that DCB tests with DCB-rs specimens can cover 



a wide range of the mixed mode ratios. 
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Table 1. Properties of the adherend. 

Material Young’s modulus 

[GPa] 

Yield strength 

[GPa] 

Tensile strength 

[GPa] 

Thickness 

[mm] 

SUP 10 206 1.08 1.23 2 

 

 

 

Table 2. Results of the indentation depth, radius of specimen curvature, and mode II energy release 

rate for each specimen. 

No. Indentation  

depth d [mm] 

Back-calculated 

indentation depth d [mm] 

Radius of specimen 

curvature ρ [mm] 

Mode II energy 

release rate GII [J/m2] 

1 0.2 0.65 2980 21.7 

2 1.0 1.46 1330 109 

3 2.2 2.42 804 297 

4 3.0 3.24 601 532 

5 3.0 3.24 600 534 

6 4.0 4.16 467 882 

7 4.0 4.30 452 941 

8 4.6 4.85 401 1196 

9 4.6 4.94 394 1240 

10 5.0 5.09 382 1320 

11 5.0 5.27 369 1410 

12 6.0 N/A N/A N/A 

 



 

 

 

Figure 1 Schematic illustration of Mode I, Mode II, and Mixed Mode I/II. 

 

 

Figure 2. Schematic illustration of (a)-(c) the four point end notched flexure test and (d)-(g) DCB-rs 

specimen manufacturing. 

 

 

 



 

Figure 3. Four point bending jig (a) schematic illustration with each part separated, (b) side view of 

the jig when the specimen is set. 

 

 

Figure 4. Schematic illustration of Log C versus Log a relation to obtain a constant n.  

 

 



Figure 5. Configuration and dimensions of the DCB-rs specimen. 

 

 

 

Figure 6. Load-displacement diagrams of the DCB tests with the DCB-rs specimens 



 

 

Figure 7. Mode I energy release rates of the DCB tests with the DCB-rs specimens 

 

 

Figure 8. Crack length and load against displacement in the case of (a) No.6 and (b) No.9. 

 

 

Figure 9. (a) Deformation of the DCB-rs specimens, and (b) enlarged view of the bonded area with 



circle fitting curves. 

 

 

 

Figure 10. Mixed mode I/II energy release rate with the DCB-rs specimens. 

 

 


